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Introduction
Unless explicitly stated otherwise, all graphs are assumed to be simple. A graph H is called an r-fold covering of the graph G if there is an r-to-one graph epimorphism p : H-, G, called the covering projection, which sends the neighbors of each vertex v E V(H) bijectively to the neighbors of p(v) E V(G). Topologically speaking, the covering projection is a local homeomorphism.
Now let r~ Aut(G) be a group of automorphisms of the graph G. A r-isomorphism
(or isomorphism with respect to r) of covering projections p : H+ G and p : 8+ G is a pair (v, r/.~), consisting of an automorphism Q, E r and an isomorphism ? : H + 8, such that qp = pq. Graph coverings are useful in algebraic and topological graph theory. For example, Conway showed by a graph covering construction that there are infinitely many connected trivalent Stransive graphs (see [l, Chapter 191 ). Mohar [7, 8] used coverings of the complete graph on 4 vertices to enumerate the akempic triangulations of the 2-sphere with 4 vertices of degree 3. Negami [9] established a bijection between the equivalence classes of embeddings of a 3-connected nonplanar graph G into a projective plane and the isomorphism classes of planar 2-fold coverings of G.
The articles [2, 5, 11] deal with some algebraic and combinatorial aspects of the theory of 2-fold coverings of graphs. Concrete graph coverings are counted in [6] ; in [4] , a general theory of graph covering spaces is developed. Our purpose is to classify graph coverings by means of permutation voltage assignments introduced by Gross and Tucker [3] . If r is trivial, we shall be able to count the corresponding isomorphism classes of r-fold covering projections.
Permutation voltage assignments
Let S, denote the symmetric group on the set (1, . . . , I}. For a graph G with edge set E(G), let A(G) be the arc set of the corresponding symmetric directed graph. A permutation voltage assignment in S, for G is a mapping f : 
Lifting automorphisms
Given any permutation voltage graph (G, f) with voltages in the symmetric group S,, we consider conditions under which an automorphism q~ of G can be lifted to an automorphism q of G, such that (91, v) is an automorphism of the natural projection pf Let W be a walk in G starting at vertex u. The net voltage of W, denoted by f(W), is the product of the forward voltages (written from right to left) along the edges of W. An automorphism Q, of G is called walk-type preserving if, for any vertex u, there is a permutation n,, E S, such that
for every closed walk W in G starting at u.
Observe that the walk-type preserving automorphisms of G in r form a subgroup of r, which will be denoted by 4. Proof. We may assume without loss of generality that the graph G is connected.
If condition (a) holds, it is easy to see that f (v(W)) = x;lf (W)n, for every closed walk W of G starting at vertex u; hence Q, E r, Now assume that q E 4. For any two walks P and Q starting at vertex u and terminating at vertex v, the fact that Q, is walk-type preserving implies that
C1f (Q-')f (P)nu =f (&Q-'))f (M'))
where Q -' is Q in the reverse; so we obtain
Now fix a vertex u of G. For every vertex v of G, set P" =f (Q)(P,))~d;lf (KY') where P, is any walk from u to v. Equation (1) guarantees that 0" is well defined. Define the mapping $ : V(G,-)+ V(Gf) by
A straightforward calculation shows that 1c, is an automorphism. It is now obvious that t+!~ is a lifting of q.
To complete the proof, let q be a lifting of QX For u E V(G) define a permutation X, ES, by nU(i) = j if v(q(u), j) = (u, i); then q(q(u), xU(i)) = (u, i) for each vertex (u, i) of G,. Now condition (a) follows immediately with n = (J&~"(G). 0
The question whether an automorphism '1' of G, induces an automorphism q of G such that (q,, ly) is an automorphism of pf is not so easy to answer in general. We can solve this problem for a special class of covering projections.
Let G be a connected The isotropy group off under this action will be denoted by Fix(G, f). A s a generalization of the main theorem in [2] , we obtain the following result. Conversely, assume that w E kerp,. Define 17= (~~u),~~(o) by Qi) =j if and only if I/J(U, i) = (u, j). It is easy to see that 17 E Fix(G, f) and that p*(n) = I+!J. S ince p* preserves multiplication, it is a group monomorphism. Cl
The classification of covering projections
Two permutation voltage assignments f, f in S, for G are said to be r-equivalent if there is a n = (3~,),,~(~) E SY'G' and a 97 E r such that LY = JCf,WPWJd, for every pair of adjacent vertices X, y of G. It is easy to verify that this is in fact an equivalence relation. It seems to be very hard to count the orbits of the r-fold covering r-operation for arbitrary automorphism groups r. But we will develop an explicit counting formula for trivial automorphism groups r in Section 5.
Coverings of labeled graphs
Reducing r to the trivial automorphism amounts to considering G as a labeled graph. By Theorem 6 and its corollary, it is the orbit set of the action described by Equation (2) which classifies the isomorphism classes of r-fold covering projections onto the labeled graph G; so we call this operation the r-fold labeled covering operation. Then, for every vertex u of F, there is a unique path in F connecting one of these roots with U; let u@) = uOu, -+ . u,_~u, = u be this path and set JrU =fu,_,u,fu,_*u,_, . . -fql(*flW,.
It is easy to verify that x, : = JC~~~,JC, has the required properties. 0
One can use Theorem 7 to determine the orbit lengths for the r-fold labeled covering operation. establishes an isomorphism between Fix(G, f) and C(G, f). Formula (c) follows from the fact that the length of the orbit off is equal to the index of the isotropy group off in SY(G). 0
To enumerate the orbits of the r-fold labeled covering operation, we need some special terminology. Let R be the ring of rational polynomials in the variables sir . . . , s,. The cap-product on R, introduced by Redfield [lo] , is first defined for sequences sys9 * i, jr * * s,, s/l's:'. . * s,, . . 
(see Equation (2) in Section (3)) for some fixed II = (r7dU)UeVCG) E SrCG' and every pair of adjacent vertices x, y of G.
Let H be a component of G. We conclude from equation (3) that any two n,'s belonging to H are conjugate.
The conjugacy class in S, which is represented by the partition (A) = @I, . . . 7 A,) of r contains r! PA:= IIf=, i "Ai! elements; so we have P;" members II E S, "VU for which there exist permutation voltage assignments f in S, for H satisfying Equation (3) . For any pair of adjacent vertices X, y of H there are
